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TECHNICAL MEMORANDUM X- 64594

APPLICATION OF REGRESSION ANALYSIS TECHNIQUES
TO REFRACTORY COATING MEASUREMENT
EXPERIMENTS

SUMMARY

This report describes a procedure for conducting a statistical analysis of data obtained
from two nondestructive techniques/instruments used to measure the thickness of protective
refractory coatings on Columbium alloy. A regression analysis is performed on instrument
output data to determine the significance of linear, quadratic, and cubic models. It is con-
cluded that the linear regressions are the best choice of models for the particular coating,
instrument, and base metals used.

INTRODUCTION

This report is the result of a request for computational support and analysis from
the Materials Analysis Section of the Quality and Reliability Assurance Laboratory, Marshall
Space Flight Center. A procedure is presented for conducting a statistical analysis of data
obtained from two nondestructive techniques/instruments used to measure the thickness of
protective refractory coatings on Columbium alloy. The two instruments used to obtain the
test data are the Dermitron and the Betascope (a SPACO internal note gives a complete
discussion of the test program and its relation to the Space Shuttle program!). The evalua-
tion and analysis of data obtained from these instruments are required to evalunate accepted
and reliable thickness measuring principles. Implementation of the various statistical methods
required in the evaluation and analysis effort is accomplished on the UNIVAC 1108 com-
puter. A complete program listing and input data setup examples are given in the appendix.

Regression analyses were performed on the output data from both instruments.
Linear, quadratic, and cubic models were assumed and specific hypotheses tested concerning
the significance of the various models. Confidence limits were attached to the models to
establish a range of accuracy at a given confidence level. It was found that the linear
regressions are the best choice of models for the particular coating, instrument, and base
metals used. The accepted models allow instrument response to be related to actual coating
thickness.

1. Charles Wages and Marshall Parks: Evaluation of an Eddy Current and a Beta Backscatter
Instrument for Measuring the Thickness of Refractory Coatings. Internal note, SPACO,
Inc., Huntsville, Ala., Jan. 14, 1971.



MATHEMATICAL DEVELOPMENT FOR MULTIPLE
REGRESSION ANALYSIS

General

We assume that the observed response variable (dependent variable) Yio is to be
estimated by the model:

C _
Yi —b0+b121i+b222i+...+bpzpi (n

where i=1, 2, ...,n. If the input data are centered about the mean, this model becomes:

Y{ = by+by z9j+byzgt ...+ bp 2y )
where
21 = Z1i-Zq
zZyi = Lpi-Zy
) (3)
Zpi = Zpi~Zp

The sample estimates by, by, ba, ..., bp are obtained by minimizing the weighted sum of

squares of deviations between the observed and predicted response values [1]. It can be

verified from the first normal equation in the least-squares formulation that by = Y. This
leads to the following equation:

c —
Yi =Y+b121i+b222i+...+bpzpi “4)



Consideration of the remaining normal equations leads to the following equation for the

regression coefficients:

where

by
E = b2
pX1 :
by
-
S11 S12
— S21 S»¢
S, = :
pX
Sp1 Sp2
Sty 1
_ Soy
SY = .
pX1
-SpY =8
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and the S’s are given by:

n
SIJ = z (ZII'-ZI)(ZJI-ZJ) I= 1,2,...,pf01‘

=1 eachJ=1,2,...,p
%)
n
Siy = z(zﬁ-zl)(Y;’-Y) I1=1,2,...,p
i=1
The standard deviation of the dependent variable is given by:
1/2
n
2
z (Y- Y
i=1
= 10
oy — 10)
where d =p+ 1. For the regression coefficients we have:
o =oy C (11)
(pt1)x 1 (pt1)x1
where
F T
Y
Ob1
g = (12)
(p+1)Xx1 '
0
| P




- 1
1NV
Ciut
C = Cs2 (13)
(p+tx 1 )
L. Cpp o

The C’s are elements in the inverse of the S matrix as given by equation (7).

Standard Error of Y¢

Consider equation (4). If ?, bi,by, ..., bp are subject to error and there is no

correlation between Y,b;,bs, ..., bp, the following error formula for the variance of

YC can be written:

2 2 2
2 _ 2 [aY° 2 [ aY© 2 aY®
C = 0= {—— + +...+ 14
oy UY (a§ ) Gbl ( ab, > Gbp (abp ( }

Confidence Bands

The 95-percent confidence bands for the regression curve can now be established
[2] by use of the Students T table. Let ty denote the appropriate table value for N

degrees of freedom where:
N=n-(p+1) (15)

Then the upper and lower bands for Yf are determined from:

C Cc
Y{(U) = Y; +tyoyc
(16)
C _ C
YI(L) = Yi -tT aYc



The resulting curves about the regression curve are the loci of the 95-percent confidence
bands. These bands can be interpreted as follows. If repeated observations of Ylg are
taken and at the same fixed values of L1 Lo - - - Zpk as were used to determine the
fitted regression equation, then of all the 95-percent confidence intervals constructed for
the mean value of Yﬁ, 95 percent of these intervals will contain the true mean value of

Yl(z; or, there is a 0.95 probability that the following statement is correct:

T 10] . . . .
Tl;e true mean value of Yy at Zjy, Zogs---» Zpk lies in the interval
[Yk + tT OYc] .
Significance of the Estimated Regression Equation

We consider the following analysis of variance table for the regression equation as
given by equation (4).

TABLE 1. ANALYSIS OF VARIANCE

Type
df Variation SS MS F Value
n
0 G2
n-1 Total SYY = 2 (Yl -Y)
1=1

n
n-d | Residual S(RES) = Z (Y?'Yic)z M(RES) = .S(RdES. )
n -
i=1

1
: _ c Gy _ S(REG) | M(REG
d-1 | Regression |S(REG) ~; (v{-¥) | MREG) = SREQ) MERE S))

df = degrees of freedom
SS sum of squares

MS = mean square = $S/df

n = number of observations

p = number of independent variables
d =p+l




The total sum of squares can be written as:
Syy = S(RES) + S(REG) am

If S(RES)=0, the actual observations of the dependent variable are described exactly by
the regression equation (4). The ratio defined by

S(REG)/(d - 1) (18)
S(RES)/(n - d)

follows an F distribution with (d - 1) and (n-d) degrees of freedom. This quantity is
used to determine the statistical significance of the regression equation under consideration
by comparing it with the appropriate F table value. If the computed F value [equation
(18)] is greater than the appropriate F table value, the regression equation is statistically
significant.

Application

The application of the preceding analysis to film thickness measurement data is
concerned with the following equation:

C 2 3
Yi = bg+by Xy;+by Xy b3 Xyj (19)

where we wish to determine whether we should use X2li and/or Xsli in the equation.
This equation can be put in the form:

Cc '
Yi = bgtbyZyj+byZy+b3Z3; (20)
where
Zy; = X1i-Xy
Zy; = Xqi-X] 2

— 3 3
Z3; = X3;-X3



with

bo

= b)-b, X,

2 3
-b, X;-b3 X,

(22)

The solution for the regression coefficients in equation (20) (Model 3) then becomes:

B
3x1

where

W

3X3

il

S; Sy
3x3 3x1

b,
by

bs

2 L1 Zyj
% Z2i Zy;

2. Z3i 2y

2 Z1iZy;
2 ZoiZy;

2 Z3i Zo;

2 21 Z3
¥ Zpi Z3;

Y Z3iZ3;

(23)

(24)

(25)



. 0
B PRATRE
Sy =
Y o
3% 1 z ZZi Yi (26)
273, Y]

Thus, we can determine the regression coefficients for the following models:

Cc _ '
Model 1: Yl = b0+b1 le
C _ 11
Model 2: Yl = b0+b1 Z11+b2 Zzl s
and
C '

These three models yield the following sum of squares due to regression:
Model 1: S(REG),
Model 2: S(REG),

and

Model 3: S(REG),

We now want to test the following hypothesis:

Il

H, : Xf contributes nothing to variation in Y(i.e., b, 0).

H, : Xi contributes nothing to variation in Y(.e., b; = 0).

The test criteria of H, and H, are:

Fo= 52,1 .
cl S === with 1 and n - 3df
Syy
27
g o= 532 .
2= o=, with 1 and n-4df
Syy



where

= S(REG), - S(REG),

21
N
[
|

(28)
= S(REG); - S(REG),

9]
W
]

|

We determine the 95-percent points F[1, n-3] and F [1, n-4] 11% the F table. If
Fcl < Fr, we accept H;. Otherwise, reject H, and say that X, adds significantly to

the linear regression. If Fc2 < Fr, we accept H,. If Fc2 > FT, then H, is rejected,
and we can conclude that Xi adds significantly to the linear regression.

RESULTS AND CONCLUSIONS

The basic input data for the analysis consist of specimen thickness measurements
(independent variable) and instrument meter readings (dependent variable). The thickness
measurements are in mils and the meter readings in counts for the Betascope and voltages
for the Dermitron. Table 2 is a summary of the six samples from which the basic input
data were obtained. As seen from this table, the data for a given sample correspond to a
particular type of coating, base metal, and instrument. A complete discussion of these
data and the test program from which they were obtained is given in a SPACO internal
note?.

Linear, quadratic, and cubic regression analyses were performed on the data for
each sample. As shown in Table 3, the linear models for the six samples were statistically
significant based on the F test. The hypotheses H; and H, discussed in the section
Mathematical Development for Multiple Regression Analysis, concerning the quadratic and
cubic regresson models were then tested. These results are summarized in Table 4. It is
indicated in this table that for the particular coating, instrument, and base metal used in
Table 2, the squared and cubic terms postulated in the models did not contribute signifi-
cantly to the regression. It was, therefore, concluded that the linear regressions in Figures 1
through 6 are the best choices of models for the indicated data. Confidence limits given
in these figures establish a range of accuracy at the 95-percent confidence level.

2. Ibid.

10



TABLE 2. SUMMARY OF INPUT DATA SOURCE

FOR THE REGRESSION ANALYSIS

Number of
Sample No. Instrument Coating Base Metal Measurements
1 Dermitron LB-2 CB-752 23
2 Dermitron SYLCOR CB-752 33
3 Dermitron SYLCOR B-66 26
4 Betascope LB-2 CB-752 20
5 Betascope SYLCOR CB-752 33
6 Betascope SYLCOR B-66 26

TABLE 3. F VALUES FOR THE LINEAR REGRESSION MODELS

Frll,n-2],095
Sample No. n Table Value F ., Computed Value
1 23 4.28 608.4
2 33 4.14 729.9
3 26 4.23 455.3
4 20 4.35 87.2
5 33 4.14 502.4
6 26 4.23 161.2

11




TABLE 4. F VALUES FOR TESTING HYPOTHESES H; AND Hza

FT, Table Value FC, Computed
Sample No. | n Fpll,n-3] Fr(l,n-4] Fei Feo

1 23 4.35 4.38 0.02 0.0001
2 33 4.17 4.18 0.001 0.007
3 26 4.28 4.30 0.02 0.0003
4 20 4.45 4.49 0.01 0.007
5 33 4.17 4.18 0.03 0.00005
6 26 4.28 4.30 0.05 0.002

12

a. Hypothesis

H, : Xf contributes nothing to variationin Y.

H, : Xi contributes nothing to variationin Y.
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Figure 1. Linear regression for Dermitron measurements on sample No. 1.
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X, INDEPENDENT {coating thickness, m X 10°°)
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Figure 2. Linear regression for Dermitron measurements on sample No. 2.
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APPENDIX

COMPUTER PROGRAM DOCUMENTATION

This appendix presents operational information on the UNIVAC 1108 Computer
Program for the regression analysis application to film thickness measurements experiments.
The organization of the operational version of the program is depicted in Figure A-1. As
shown, a minimum number of control cards are required to run this deck. A complete
listing of the program for a typical run is included.

( @FIN

( @FIN

A(@PI’JD,BALE

INPUT DATA DECK

( @XQT

/7
z PROGRAM DECK

!" @FOR CARD

@ RUN CARD

Figure A-1. Program organization.

19



PROGRAM LISTING

-RUNsT REGRES$3103905JUNKINBIN313:s15100
~-FOR»1S LQCREGSLQCREG

C

C REGRESSION ANALYSIS APPLICATION TO FILM THICKNESS
C MEASUREMENT FXPERIMENTS

C

DIMENSION X{100)sY(100)sYC1{100)5RES1(100)sREGL(100)sTOTAL{100})sYC
=2(100) sRES2(100) sREG2{100}sYC3{100}sRES3(100)sREG3(100)sD1(2052)sD
-2(2092)sD3(2053)5YB1(100)sYB2(100)sYB3(100)sYB4(100)sYB5(100)sYB6(
-100) sBCDX(12)sBCDY(12)

DIMENSION DD2(252)sDD3(353)sBJ2(292)5BI3(34+3)

DIMENSION Z1(100)522(100)5231100)sYH{100) .

DIMENSION VARY1(170)sVARY2(100),VARY3(100)sSGY1(100)sSGY2(100) s
-SGY3(100)

DATA (BCDX(I)sI=1s12)/6HXsINDEs6HPENDENs6HT 3 9% 6H /

DATA (BCDY(I)sI=1512)/6HY 3 11%6H /

100 FORMAT (1H1)

1in1 FORMAT (/7)) .

102 FORMAT (1H1»74H REGRESSION ANALYSIS APPLICATION TO FILM THICKNESS
~MEASUREMENT EXPERIMENTS) ‘

103 FORMAT (64H LINEARsQUADRATICsAND CUBIC REGRESSION ON INPUT MEASURE
~-MENT DATA)

104 FORMAT (2Xs13HXs INDEPENDENT$3Xs11HY sDEPENDENT s3X»12HYC1sDEGREE=193
-X912HYC2 yDEGREE=-253Xs12HYC3sDEGREE=~3)

105 FORMAT {2X3F6025s10XsFBe356XsFB8e3s7XaFB8a3s7XsFB8,43)

106 FORMAT (31H LINEAR REGRESSION COEFFICIENTS)

107 FORMAT (3X3s3HRO=E134653Xs3HR1=E1346+3Xs8HF VALUE=E13.6)

108 FORMAT (3Xs8HSIGMA Y=F13,653Xs5HSGRO=E13,+653X55HSGR1=E13,6})

109 FORMAT (34H QUADRATIC REGRESSION COEFFICIENTS)

110 FORMAT (3Xs3HSO=E13,693X93HS1=E13.6+3X93HS2=E13.693X»8HF VALUE=E13

~46)
111 FORMAT (3Xs8HSIGMA Y=E13e633X35HSGS0=E134693X»5HSGS1=E13+693X95HSG
~52=E13.6)

112 FORMAT (42H F VALUF FOR SIGNIFICANCE OF X-SQUARE TERM)
113 FORMAT (3Xs4HF21=E13.6)

114 FORMAT (30H CUBIC REGRESSION COEFFICIENTS)
115 FORMAT (3Xs3HTO=E13,693Xs3HT1=E134693Xs3HT2=E13,693Xs3HT3=E13,633X

-38HF VALUE=E13.6)
116 FORMAT {(3XsBHSIGMA Y=E13.653Xs5HSGTO=E13.693Xs5HSGT1=E13.633X3s5HSG
-T2=E13:6s3Xs5HSGT3=E13,6)
117 FORMAT (40H F VALUE FOR SIGNIFICANCE OF X-CUBE TERM)
118 FORMAT (3Xs4HF32=E13.6)
119 FORMAT (54H DETERMINANT VALUE FOR QUADRATIC AND CUBIC REGRESSIONS)
120 FORMAT (3Xs5HDET2=F13,693Xs5HDET3=E13.6)
121 FORMAT (33H INVERSF MATRIX X ORIGINAL MATRIX)
123 FORMAT (21H QUADRATIC REGRESSION)
124 FORMAT (17H CUBIC REGRESSION)
125 FORMAT (3Xs9(E13.651X))
126  FORMAT (13)
DT(1s1)=0,

20



300

C
C

301

3010

3011

PROGRAM LISTING (Continued)

NAMELIST/INPUT/XsYsTVALL1sTVAL2sTVAL3sNNsXLeXRsYBeYT
CALL IDENT(935)

INTEGER P )

READ (5:126) NCASES

WRITE (6-100) '

.READ (5,:INRPUT)

WRITE (6sINPUT)

C INITIALLIZATION SUMMATIONS

BJ=NN

AX1=0,
AX2=00
AX3=0.

-AY1=0.
DG 301 i=1:NN

AX1=X(T)+AX1
AX2=X{1) %X 1T ) +AX2
AX3=X(1)#%*3+AX3
AY1=Y(T}14AY1
BX1=AX1/BJ
BX2=AX2/8J
BX3=2AX3/BJ
BY=AY1/BJ

AVY=RY

DO 3010 I.=1:NN
Zi(1)=X{1}=BX1
Z2(0)=X(13%X(1)=BX2
23(1)=X{1)##3~BX3
YHUI)=Y(1)~BY
$11=0,

512200

513=0;

521=0,

$22=0,

$23=0, .

531=Oe

$32=0.

533=20%

$1Y=0,

S2Y=0,

S3Y=0,

DO 3011 I=1sNN
S11=Z1(1)%21(1)+511
S12=Z1(1)%Z2{1)+512
S13=Z1(1)1%23({1)+513
$22=72(1)%22(1)+522
523=22{1)1%23(114+523
533=Z3(1)%Z3(1)+533
S1Y=Z1(I)#YH(I)+S1Y
S2v=22 (1) ¥YHIT ) +S2Y
S3Y=Z3 (1) %#YH(I)+S3Y
$21=512

531=513

§32=523

21
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[aNAla!

C
C

C
302

C
C

c
303

[aNal

303

303

303

PROGRAM LISTING (Continued)

LINEAR REGRESSIOMN ANALYSIS

R1=S1Y/511
RD=BY=-R1%3X1
DO 302 I=1sNN
COMPUTED DEPENDENT VARTARLE (CHV)
YC1{1)=PNr+R1%X (1)
RESIDUAL VARIATIONS (RFSV)
RESQI{II=(Y{TY=YCT{T) I %2
REGRFSSION VARIATIONS (R=GV)
RFGI(TI)=(YCI (I )=-AVY ) *%2
TOTAL VARIATION (TOTV)
TOTALLTY=(Y (T )—AVY ) %¥%2
SRFS1=0e
SREGI=N,
CYVY=0,
NA AR T MM
RESINIIAL SUM DF 8NS5, (RESSH)
SRFST=RFAT{TVY+SRFESY
REGRFSSICN SUM OF 505, (RFGSQ)
SREGI=RFGLLTI+SPEM
TOTAL SH¥ OF 878, (TOTRA)
SYY=TOTAL (I )Y+5YY
RMI=SREST/ IR =2,
RMD=SRFG]
F VALUE
FYALU1=RYZ/R1

QUADRATIC RFGRETSSINM ANALYSIS

N2(141)=C11
N2(1+2)1=512
NP (2,1)=812
ND2(252)=5822
NN 2030 T=1,2
DO 3030 UJ=1.2
0 DO2{1sJY="2(1+J)
CALL GASINVIIDZ2429DFT2)
NN 3027 T=1,2
nn 3031 U=1,2
1 RJ?(I9J’:}G
NO N2 M=z1,42
DO 30372 P=1s2
PO 3032 N=147
2 BJ2(MeP)=D2(MeN)IXDAD (NP )+RJ2{MsP)
§1=N2 (1,1 )¥STY4END (1 ,0) %Y
S2=N2(241)%31Y4N2(2,4,21%52Y
EA=RY~5]¥0X1 =82 %1X">
PA 304 T=1.MM
cnyv
YC2(1)=SO0+S51#X (1) +S2%¥X Ty ¥X(])
RFSV
RES2(IY=(Y(I)Y=Y(C2(T))#x2
RFGV



PROGRAM LISTING (Continued)

304 REGZ2(I)=(YC2(1)=-AVY)*%2
SRFS2=0,
SREG2=0,
DO 305 I=1sNN

C RESSQ
SRES2=RES2(1I)+SRES?2

C REGSQ

305 SREG2=REG2(1)+SREG?
SM1=SRES2/(BJ=-3,)
SM2=SREG2/2a

C F VALUE

FVALU2=5M2/5M1

CUBIC REGRESSION ANALYSIS

aNa¥a Tk

N3(151)=511
P2(1521=512
P3(153)=513
D3(2s1)=512
D3(252)=522
D3(253)=523
P3(351)=513
D3(352)=523
D3(353)=533
PO 3050 1=153
DO 3050 J=1s3
3050 DD3(1sJ)=D3(1sJ)
CALL GASINV(D35335DET3)
DO 3051 I=1s3
DO 3051 J=153
3051 BJ3(I1sJ)=0,
DO 3052 M=153
DO 3052 P=1+3
DO 3052 N=133
3052 BJ3(MsP)=D3(MsN)*DD3(NsP)+BJ3(MsP)
T1=D3(151)%S1Y+D3(1,2)%S2Y+D3(153)*S3Y
T2=D3(251)%S1Y+D3(252)%¥S2Y+D3(253)*¥S3Y
T32D3(351)%¥S1Y+D3(3,2)%52Y+D3(353) ¥S3Y
TO=BY~T1%BX1~T2%¥BX2~T3%BX3
PO 306 I=15NN

C v
YC3(I)=TO+TLIHXAT)+T2¥X (I ) #X (T )+T3#(X (1) ¥*%3)

C RESV
RESB(IN=(Y{I)=YC3(]))%%x2

C REGV

306 REG3(I)=(YC3(I)~AVY)*%2
SRFES3=0.
SREG3=0.
DO 307 1I=1sNN

c RESSQ
SRFS3=RES3(I)+SRES3

C REGSQ

307 SREG3=REG3(I)+SREG3
TM1=SRES3/(BJ=~4,)
TM?=SREG3/3.
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C

PROGRAM LISTING (Continued)

F VALUE
FVALU3=TM2/TM1

TEST FOR SIGNIFICANCE OF INDIVIDUAL TERMS

W21=SREG2-SREG1]
W32=SREG3-SREG2
F21=W21/5YY
F32=W32/5YY

STANDARD DEVIATION OF DEPENDENT VARIABLE FOR LINEARS
QUADRATICSAND CUBIC REGRESSION

SIGMA1=SQRT (SRES1/(BJ~2.1))
SIGMA2=SQRT(SRFS2/(RJ=3¢}))
SIGMA3=S5QRT(SRES3/{RJ=4q))

STANDARD DEVIATIONS FOR LINEARsQUADRATICsAND
CUBIC REGRESSION COEFFICIENTS

SGRO=SIGMAL1/SORT(BJ)Y
SGR1=SIGMA1/SQRT(S11)
SGS0=SIGMA2/SQRT(RJ)
SGS1=SIGMAZ#SQRT(D2(1,s1))
SGS2=SIGMA2#SQRT(D2(2+2))
SGTO0=SIGMA3/SQRT(BJ)
SGT1=SIGMA3*SQRTI(D3(1s1))
SGT2=SIGMA3*SQRT(D3(2,2))
"SGT3=SIGMA3%SQRT(D3(353))

C CONFIDENCE- BANDS FOR LINEAR,QUADRATIC AND CUBIC REGRESSIONS

C

308

DO 308 I=1sNN

2Z1=21(1)*%2

222=72(1)%x%2

223=23(1)%%2
VARY1{1)=SGRO*¥SGRO+SGR1*¥SGR1¥Z2Z1
VARY2(I1)=SGSO¥SGSO+SGS1#SGS1*¥ZZ1+56S2%5GS2%222
VARY3(I1)=SGTO*SGTO+SGTI#SGT1#ZZ21+5GT2%SGT2%ZZ2+5GT3%#SGT3%#223
SGY1{I)=SQRT(VARYI (1))
SGY2(1)=SQRT(VARY2(1}))
SGY3(I1)=SORT{(VARY3 (1))
YRI(II=YCYI(I)+TVALT*SGY1(1)
YB2{I)=YCI(I)~TVALI*SGY1 (I}
YB3(1)=YC2(I)+TVAL2%SGY2(I)
YB4(I)=YC2(I)=TVAL2%¥SGY2(1)
YBS(I)=YC3(I)+TVAL3I*SGY3 (1)
YB6(I)=YC3(I})~TVALA*SGY3(]I)
IPAGE=48

WRITE (65101)

WRITE (6,102)

WRITE (65101)

WRITE (65103)

WRITE (65101)

WRITE (65104)



309

310
311

400

401

402

403

no 31
WRITE
IPAGE
1IF (1
WRITE
WRITE
WRITE
CONTI
CONTI
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITF
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
TW=2
I=1
WRITE
WRITE
WRITE
WRITE

Tw=1w

IF (1
I=1+1
GO TO
CONTI
IW=3
1=1
WRITE
WRITE
WRITE
TW=1IW
IF (1
I=1+1
GO TO
CONTI
KK =NN
CALL
CALL
CALL
CALL
CALL
CALL

PROGRAM LISTING (Continued)

1 T=15NN
(65105) X{Id1sY(I)aYCLII)sYC2(T1)sYC3I(I)
=IPAGE~-1
PAGE) 31053094310
(65100)
(65101)
{69104)
NUE
NUE
(65100)
(65106)
{(6:107) ROsR1sFVALUL
(65108) SIGMA1sSGR0O»SGR1
(69101
(69109}
(6:110) S0s51,S2sFVALU?
(69111) SIGMA255GS095G5195GS2
(65112)
(65113) F21
(65101)
(65114)
(69115) TOsT1sT2sT3sFVALU3
(69116) SIGMA33SGT03SGT15SGT25S5GT3
(6+117)
(65118) F32
(6+119)
(65120) DET2,DET3

(65101)

(69121

(69123}

(65125) (BJ2(1sJ)9Jd=142)
-1
WeEQeO) GO TO 401

400
NUE

(65101)

(65124)
“165125) (RJ3(15J)sJ=1,3)
-1
WeEQ.0) GO TO 403

402
NUE

QUIK3L(-=1sXLsXRosYBRsYT2435BCDXsBCDYsKKsXsY)
QUIK3L(0sXLsXRsYBsYTs35sBCDXsBCDYs=KKsXsYB1)
QUIK3L (0sXLsXRsYBsYT3s35sBCDXsBCDYs=KKsXsYC1)
QUIK3L(0sXL3sXRsYBsYT535sBCDXsBCDYs—~KKsXsYB2)
QUIK3L (=13XLsXRsYBsYTe43sBCDXsBCDYsKKoXsY)
QUIK3L(0sXLsXRsYBsYT935+sBCDX9sBCDYs-KKsXsYB3)

25



CALL
CALL
CALL
CALL
CALL
CALL

PROGRAM LISTING (Continued)

QUIK3L(0sXLsXRsYBsYT9355BCDXsBCDYs~KKsXsYC2)
QUIK3L(0sXLsXRsYBsYT935+BCRXsBCDY»=KKsXsYB4&)
QUIK3L (-1sXLsXRsYBsYTs43sBCDXsBCDYsKKsXsY)

QUIK3L(0sXLsXRsYBsYT35359BCDXsBCDY»~KKsXsYB5)
QUIK3L(0sXLsXRaYBsYT235,BCDXsBCDYs~KKsXsYC3)
QUIK3L (0sXLsXRsYBsYT5355sBCDXsBCDYs~KKsXsYB6)

NCASES=NCASES~1
IF (NCASES.EQ.0) GO TO 312

GO TO 300

312 CONTINUE
CALL ENDJOB
STOP
END

-XQT

+06

SINPUT

X=0139232566330769¢95915083127951690920219223752¢5392e663267292e85
301693?17930489337993{9294.11,433094048950069
¥2603519592683529093055434537695709630396169706969637Ce579039786380038345

9463590699569100635100.39100a9 TVAL1I=2.0800

XL=0s3XR=10s5YB=0e3YT=1504>

$

$INPUT
X=.38,.709.9591.5891.7091.8992.5353003o3.1693.2993.3533.4893-5493.679

307353579540055401194024940365404324655044625408155406556195542595,38>
504496:019601496926960969
Y=19Q9220923a’32.,313’2509400949.946.’53.!530,57995409560’560953.96699

584961

0368, 366e973:364, 9694969, ’64.978:-!7809790985. 384, ,89098509

TVAL2=2,0429 TVAL3=2.0455 NN=33,
XL=069sXR=10ssYB=0,35YT=130,>

$

SINPUT
X=1839516585170916895129652008520219204652+8433003536169364853.605

3.799401194.4394.4694.629497494.8795&069506995.8296.079604596.969

TVAL2=2.086s TVAL3=2.093» NN=23s

TVAL1=2+0405

¥=22969286382303546653305360543694206950534769530959636703626564e37005

7499753574&97305773981098609880’930’9009 TVAL1=2,064,

NN=26s
XL=06e3sXR=10esYB=0,a5YT=1500>

$

$INPUT
X=013953296635076529551e083512275159052621920389265362e859361793248
357953e925401134.3054,4855.06,
¥=219055965152699729129691070931065814703159651366916523172:91650317245

194692246523 70922995219:5218s5 TVAL1=2.101s TVAL2=2,110s TVAL3=2,120s NN=20:
XL=049XR=862YB=0ssYT=300s

%

SINPUT
X=638566950955105851e7051e8992:5353:0393616930299363593e485365453.675

367393e79940055401104624946369404398405594662940819520655619554255

5385564496001560143602696.96
Y=64536B823845510705112e510355124,51306513105134.3150e914245155051424
1576514969160491556951584351690916609165051626916263517203166631792517243
181:91856518765187e5190,9 TVAL1=2,040s TVAL2=2.042s TVAL3=2,045>
XL=003XR=10e3YB=CosYT=24009

%

26

TVAL2=2.069s TVAL3=2.074s

NN=33s



PROGRAM LISTING (Concluded)

SINPUT
X£21e399165863167C9128991963260892:219204632e84930039361693:4893,60%
367954611346439404604462946T74354087950069506%950823660796045962963
Y=27549716950631160359449970910543510660351140512163121455124451396513009
13665148e914949155231514591606215803161e316063164469173,5172s5 TVALL=2:0645
TVAL2=2.069s TVAL3=2.07445 NN=263s
XL=0s3XR=106s3YB=CoasYT=24Nss
5

-PMDsBALE

-FIN

~FIN

27



DESCRIPTION OF DATA DECK INPUT PARAMETERS

The card nnmedlately following the @XQT card is the first card of the input data
deck. This card specifies the number of cases (NCASES) of data that are to be processed.
‘The format is of the form +XX (13) and appears in columns 1 through 3. The information
between the $INPUT card and the §$ card is associated with a specific set of data and is
input under the nonexecutable NAMELIST statement. For example, the input statement
in the program is

NAMELIST/INPUT/X,Y, TVAL1,TVAL2,TVAL3 NN, XL XR,YB,YT.

The forms the input data take on include variable name and subscripted variable.
In the usage above, X and Y are subscripted arrays, and the remaining variables are simple
variable names. The specific format of the data can be either integer constants (i.e., +218)
or real constants (i.e., 1.85921E+00, with or without the E notation). The descnptlon of
the vanables in the NAMELIST statement follows.

X — array containing the values for the independent variable

Y — array containing the values for the dependent variable

TVAL1 — value from t-table for NN-(1 + 1) degrees of freedom

TVAL2 — value from t-table for NN-(2 + 1) degrees of freedom

TVAL3 — value from t-table for NN-(3 + 1) degrees of freedom

NN — number of data points

XL — left plot limit for the horizontal X axis
XR — tight plot limit for the horizontal X axis
YB - bottom plot limit for the vertical Y axis
YT — top plot limit for the ve;,rtical Y axis

28



1108 RUM REQUEST & INSTRUCTIONS

NAME (LAST & INITIAL) or |ioBs PROD *
. CORE
Junkin, B. 5 | 310390
BiN# BLDG: RM# RUN-ID RUN
OF
313 | 4663 [ A-2171 REGRES )| ]
EST CPU RUN TIME | CORE SIZE PUNCH (X COMPILE
0 1 &) EXECUTE
= HRS, .o MINS CJ SORT
o LANGUAGE MAX | [J SPECIAL FORMS
s
m exec vin |F-IV itg ijPE COPIES
DOES THIS JOB HAVE A RESTART PROCEDURE? [l YES X NO
INPUT TAPES OUTPUT TAPES ONLY
REEL NO. (FILE NaME| umit eEew w0 |FiLe NaMe|ROST uniT [save
PROGRAMMER COMMENTS:
2] ovER
MICRO FiLM COPIES COPY FLO §OPER. INIT,
AFILES |*FRAMES] P F P F_JSEQ.#
OPERATOR COMMENTS: [T] SEE TECH, [T} SEE OPER,
MSFC = Form 3019 (Rev August 1969) 1 aver

Figure A-2. Job card example.
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‘—SiﬂPtH’ PPV
X =

TYPICAL OUTPUT RESULTS FOR EXAMPLE NO. 2

+»38000000E+D0
+17000000E+D1
»31600000E+01,
«35400000E+01 ¢
+40500000E+01,
+44300000E+01 s
«50600000E+01
«S4480000E+01
20694600000E+01
«00000000E+30,
+UD000000E+DD,
+0000000C0E+Q0,
+00000000E+0D,
»0DO0OD00E+QD
+00000000E+Q0,

- +00000000£+00,

«00000000E+Q0
. 00003000E+00,
«00000000E+00.
«000000D0E+0Ds
+00000000E+D0,

H
A
-§ 3¢
@ B
H :
:
;
€ n

SEND

2 0000000CE+DD,
«00000000E+(30,
2+ 00000000E+QD,
+00000000E+D0D,

5 19000000E+02,

+31000000E+02,
+46000000E+02,
+54000000E+025

"2 66000000E+0D2,

°66000000E+02;

5 69000000E+02s
2+79000000E+02,
"+ 85000000E+02,

«D0DDA000E+DD

»00000300CE+00:

2+ 0000000CE+DD

+00000000E+00s

«00000000E+DD
»0000GO00E+DD
+0D0000C00E+Q0,
»00000000E+QG s
+00000C00R0E+DN,
. 00000000E+00
+00000000E+QC,
. D0DODGCDOE+DG
+0000000CE+0D,
»00000000E+0Q,
.00000000E+D0,
»0000000GE+D0,
¢ 2040D0D00E+T

+20420000E+01

«20450000E+D1

+33
.00000000E+DD

- 10000000E+D2
»00000000E*Q0
s 13000000E+03

+70000092E+005
+» 1893Q000E+0!»
32900000E+01,
«36700000E+01,
+41100000E+01,
+45500000E+01,
«51900000E+0!L,
2 60100000E+01
+0000000CE+DD»
s 000000CA0E+00,
«00000000E+D0,
+Q0000009E+00
+30003002E+00
«+00000000E+00
»000003000E+00,
«000D0000E+0OD,
+00000000E+C0
+00000000E+00;
+0000000CE+Q0 s
«000Q0N0CE+DD
«00000000E+00 .
«00000000E+00
+000000J0E+Q0
«00000000E+00:
+00000000E+QQ»
+22000000E+02,
»25000000E+02,

2 53006000E+02,

2+56000Q000E+D2,
+58000000E+02,
¢ 73000000E+D2,
+64000000E+02,
+85000000E+02,
«+0G0000GNE+CG,
s+ 000000002E+00,
«00000000E+D0 s
«00000CORE+QD,
2 000000N0BE+QDs
+00000D00E+DO
+00000G000E+00,
«000000N0E+DO s
2« 0000G00JE+00 s
+000000N00E+00
«00003000E+00
+0C000000E+QD,
»000CGNO0E+CD
«0000G300E+DQ
«000C0N0DE+0D,
+0000000DE+0D
s 0000GSI0E+00 .

«95000000E+00,
»25300000E+0!,
+33500000E+01,
2 37300000E+01,
«42400000E+01,
«46200000E+01,
«52500000E+01,
«61400000E+01,
»00000000E+0D,
UDGGQOGOOE*QG 2
.00000000E+00,
-00000000E+0Q,
2 00000000E+D0,
«000000G0E+00,
.00000000E+DO,
»D0000000E+DD,
«00000000E+DD0,
+0000D0GOE+UG,
2 00000000E+Q0,
.000000COE+QD,
»00000000E+0D,
«D0000D0OE+DC,
«00000D00E+QO,
»000CDO0O0E+0Q0,
«00000000E+D0,
223000000E+02,
«40000000E+DZ,
»53000Q000E+02,
»54000000E+02,
«51000000E+02,
+64000000E+02,
«78000000E+Q2,
«84000D000E+D2Z,
+00000000E+DD,
2 30000000E+00,
+00C0DDCOE~+CD,
«00000000E+0D,
»00000000E+DC,
«00000000E+0D,
+G0000000E+DD,
+00D0Q00CE+00,
+00000000E+GCG.
+0000p000NE+0D,
+00000OGOE*C0 .
«00C0000G0E+DD,
. 000000G0E+GC,
2 0000D0D0E+DO,
«000000G0E+D0,

2 000DQOCCE+DD,

+00C0Q0O0E+DD,

»15800000QE+0},
230300000E+01
«34800000E+Q]
«37900000E+01,
2 43600000E+01
2 48100000E+01,
«53800000E+01,
262600000E+01,
+00000000QE+C0,
- 00000000E+00,
+0000000QE+D0,
+00000000E+00,
«Q0000000E+D0,
«00000000E+00.
«00000000E+C0,
+00000000E+00,
«00000000E+00,
- 00000000E+D0,
- Q0000000E+D0,
+ 00000000 +00,
«00000000E+08,
«00000000E+0Q,
+00000000E+00,
+00000000E+QD,
.000000090€+00

»32000000£+02,
«49000000E+D2,
»57000000E+02,
+23000000£+02,
+68000000E+02.
»69000000E+02,
. 78000000E+02,
+89000000E+02,
. 00000000E+00,
«00000000E+0G,
+0D000000E+D0,
+00000000E+D0,
-00000000E+0D,
- 00000000QE+D0,
- 0B000000E+QG,
«00000000E+D0Q .
»00000000E+0D,
«+00000000E+QG .
< 00000000E+DD,
«00000000E+0OC,
2 00000000E+0D,
«00000000E+0Q0,
«00000000E+0QQ,
- 00D0000CE+DD,
- 00000000E+CQ



TYPICAL OUTPUT RESULTS FOR EXAMPLE NO. 2 (Continued)

REGRESSION ANALYSIS APPLICATJON TO FILM THICKNESS MEASUREMENT EXPERIMENTS

LINEAR,QUADRATIC,AND CUBIC REGRESSION ON INPUT MEASUREMENT DATA

X INDEPENDENT Y DEPENDENT YCl,DEGREEnlv YC2,DEGREE=2 YC3,DEGREE~3

238 19.000 16.900 15516 19.234
070 22,000 20.646 19+622 21.182
+95 23,000 23,572 22+803 23,058
1:58 32,090 30,948 30.716 28,959
1,70 31.006 32.352 320207 30,247
1.89 25.000 34,577 344556 324377
Z,537 40.000 42,069 426371 40,220
3,03 49,000 47,922 484370 46,839
3.16 ‘46+000 49,444 49.915 48,600
3.29 53.000 50,966 51453 50370
3,35 53,000 51,648 5216} 51.188
3.48 57.000C 534150 530690 52,963
3,54 54.0C0 53,892 540394 53,782
3467 S56.000 55s4314 55:914 55,555
3473 56.000 56.117 569613 56,371
3,79 534000 586,819 57311 57.185
4,05 66.006 59,863 602321 60,683
Hall 58,000 60.565 61011 61,481
4,24 61.000 62,087 624504 63,195
4436 68,000 63,492 63:876 64,756
4,43 66000 64.31) 64.674 65,656
455 73.00G0 65.716 660038 674179
4,62 640000 664536 662830 68.054
4,81 69,000 68,760 680974 70376
5,06 69.000 710,686 71773 730296
5,19 64,000 73.208 73.220 74,745
5,25 782000 73,911 730885 75,396
5,38 782000 75,433 75+323 762767
Se44 79.000 76.135 75984 77.380
6,01 85.000 82,808 822200 8§2.512
6214 84,000 84,330 83:600 83,486
bo26 89,000 85,734 84:888 84,313
6,96 85,000 93.929 924291 87:597
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